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Abstract 
Lee, J.B., Transformation groups on S” X R", Topology and its Applications 53 (1993) 187-204. 
We prove that the fixed point set (S” x 52"')' by a finite subgroup @ c O(n + 1, m) is isometric 
to some S”‘,“‘. 
Suppose that a discrete group F acts freely and properly discontinuously on S” xW". We 
prove that if n is even, then F is virtually torsion free; in fact, F is torsion free, or else F is 
isomorphic to F’ X Z,. Also we prove that if vcd(F) < m, then vcd(F) Q m and the period of 
Farrell cohomology of F is at most n + 1. 
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1. Introduction 
In differential geometry, the pseudo-spherical space form is defined by the 
pseudo-sphere S”,“, where T is a discrete subgroup of O(n + 1, m) acting freely 
and properly discontinuously on S”,“. One would like to determine and classify all 
such r. 
In Section 2, we will briefly review the models for complete, connected, 
pseudo-Riemannian manifolds S”,” of signature (n, m) and constant curvature 1, 
following mainly the exposition of Wolf [14, $2.4, $11.11. We will prove in Section 3 
that the fixed point sets of S”~“’ by finite groups acting linearly on S”,“’ are 
isometric to some S”‘,“‘. Right now, it seems hard to understand infinite groups 
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acting freely and properly discontinuously, and also linearly on S”,“. However, as 
we have a homeomorphism S”,“’ = S” X R", we also intend to study topological 
actions by (infinite) discrete groups on S” x R". 
Connolly and Prassidis showed [4] that a countable group r with vcd(r) < 03 
acts freely and properly discontinuously on S” x R" if and only if r has periodic 
Farrell cohomology. Utilizing Connolly and Prassidis’ arguments, we will prove in 
Section 9 that if r with vcd(r) < 03 acts freely and properly discontinuously on 
S” X R" then the period of the Farrell cohomology of r must be <n + 1. In 
Section 7, we will prove that if r acts freely and properly discontinuously on 
S2k x R", then r is torsion free, or else r is isomorphic to r’ XI Z,. 
I would like to thank my thesis advisor Frank Raymond for suggesting this 
problem and for his aid during the preparation of this paper. I would also like to 
thank Kyung B. Lee for his support and helpful conversations during the prepara- 
tion of this paper. 
2. Model spaces of constant curvature 
We review some notations and results in [14, $2.4 and $11.11. Let us denote by 
R nVm the vector space of real (n + m)-tuples (x’, 3) = (xi,. . . , x,, yl,. . . , y,) with 
the indefinite quadratic form 
Q($, 3) = ) x’j * - ) y’l* = ix’- F y,? 
i=l j=l 
Then the space lF!“>” is a complete, simply connected pseudo-Riemannian 
manifold of signature (n, m) and constant curvature 0. The indefinite orthogonal 
group O(n, m) is defined to be the group of all linear transformations of [Wn+m 
which preserve the quadratic form Q. Let E(n, m) = E-Y+” XI O(n, m). Then the 
indefinite Euclidean group E(n, m) is the group of all isometries of Iw”,” and 
O(n, m) is the subgroup preserving the point 0 E Iw”,“. 
Given integers n, m 2 0, we define 
S”,” = {(Z, y’> E [Wn+‘xm: Q(x’, J’) = 1) 
and 
H”,” = {(T’, y’> E iPm+‘: Q(?, y’) = -1). 
Then S”,” and W”,” are complete pseudo-Riemannian manifolds of signature 
(n, m> and (m, n) and of constant curvature 1 and - 1, respectively. 
Lemma 2.1. The following maps are diffomolphisms: 
(1) a : S”,” + S” x R" given by a(x’, j’) = <Z/I 21, y’>; 
(2) b : H”,” + R” x S” given by b(x’, y3 = (2, $‘/I y’l); 
(3) c : S”,” + H”,” given by 4x’, y3= (3, 2). 
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Lemma 2.1(2) implies one can pass between the manifolds of signature (n, ml 
and of constant curvature 1, and the manifolds of signature (m, n> and of constant 
curvature - 1, by replacing the metric with its negative. Thus one can concentrate 
on the case where the manifolds are of nonnegative constant curvature. In 
particular, we will concentrate on the manifolds S”,” of signature (n, m) and of 
constant curvature 1. 
Now the group O(n + 1, m) acts effectively and differentiably by isometries on 
S”,“, and the isotropy subgroup at (1, 0,. . . , 0) is O(n, m). The latter is maximal 
for preservation of the metric. Thus the full group of isometries is given by 
Isom(S”,“) = O(n + 1, 02). Similarly Isom(H ‘? = O(m, n + 1). The group 06~ + 
1, m) has a subgroup O(n + 1) X O(m). The following lemma will be used in 
Section 3 in the study of linear actions of S”,” by finite groups. 
Lemma 2.2 (I?. Cartan). Every compact subgroup of O(n + 1, m) is conjugate to a 
subgroup of O(n + 1) x O(m). 
The pseudo-spherical space form is defined by r\Snsm, where r is a discrete 
subgroup of O(n + 1, m) acting freely and properly discontinuously on S”,“. One 
would like to determine and classify all such r. In [14, $11.21, Wolf obtained a 
partial solution to this problem. He has proved that the classification of the finite 
pseudo-spherical space forms is reduced to the spherical space form problem. 
Theorem 2.3 [14, $11.21. If n 2 m, then only finite subgroups of O(n + 1, m) can act 
freely and properly discontinuously on S”,“. 
Theorem 2.4 [14, 911.21. Let T\Sn be a spherical space form, n > 1. Let T= a(G) 
where r : G + O(n + 1) is a free orthogonal representation of an abstract group G. 
Let (Y : G + O(m) be any orthogonal representation and define 
Then T,,, is a free properly discontinuous group of isometries of S”,“. Conversely let 
@ be a finite subgroup of O(n + 1, m) that acts freely on S”-“. Then @ can be 
constructed as above from a spherical space form A \S” for some A c O(n + 1). 
3. Linear actions on S”?” by finite groups 
The full group of isometries on S n,m is O(n + 1, m). Consider the linear action 
of a finite group @ on S”,“. By Lemma 2.2 some conjugate of @ is a subgroup of 
O(n + 1) X O(m). That is, there exists a y E O(n + 1, m) for which y-‘@y c O(n 
+ 1) X O(m). Put @a = y-r@y. Let 0, =pi(@,) for i = 1, 2, where pI : O(n + 1) X 
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O(m) + O(n + 1) and pz: O(n + 1) X O(m) -+ O(m) are the projections. Now 
every g E Q0 has the form (z z) as an element of O(n + 1, ml with a E O(n + l), 
b E O(m). The elements a form the group @r and the elements b form the group 
Qz. Now we show that the fixed point set (Pm)@ is a manifold of constant 
curvature 1. 
Proposition 3.1. For each finite subgroup (D of O(n + 1, m), the fixed point set 
(S,,,)@ is isometric to S”‘,“‘, where n’ = dim(S”)@l and m’ = dim(R”)@Z. 
Proof. Suppose y E O(n + 1, m) conjugates @ into O(n + 1) X O(m). Clearly the 
isometry y induces y I (sn~m)oo : (Sn,m)@o -+ (S n,m)@. We shall observe that the dif- 
feomorphism of Lemma 2.1(l) induces a diffeomorphism 
a I (,vyO : (Pm) @‘O -+ ( snp x (wp. 
Let n’ = dim(S”)@l and m’ = dim(lR”)@ *. Now we choose an ordered orthonor- 
ma1 basis for KY+’ x RF, {e,, . . . , e,,,,, . . . , e,,,, f,, . . . , f,,, . . . , f,,J, such that 
(i) (S?@l is the unit sphere in [We, @ . * . CB lRe,t+,, 
(ii) (IP)@z = R f, CB * . . CB R f,,, and 
(iii) Q(ei> = 1 for i = 1,. . . , n + 1 and Q( f,) = - 1 for j = 1,. . . , m, 
where Q is the quadratic form on Rn+l,m. Then 
nil 
Cx,e,+ j~lYjfj+(~, 3))=(X17*..~Xn+l~ Y1,.-.,Yrn) 
i=l 
is a linear isometry, say 6, on [Wn+‘sm and 6(Sn’,““> = (Sn,m)@o. Hence y6 E O(n + 
1, m) and 
S n’,m’ A+ (SV)@O y\ (SV)@. 
This completes the proof. 0 
Definition. Let G be a finite group. If p and q are primes such that every 
subgroup of order pq in G is cyclic, then we say that G satisfies the pq-conditions. 
If G is a finite group acting freely on a space which has the homotopy type of 
some sphere, then G satisfies the p2-conditions, or equivalently, G has periodic 
cohomology. If, in addition, G is a subgroup of O(n + 11, then G satisfies the 
pq-conditions. But not all of the finite groups having periodic cohomology can act 
freely on a sphere. In fact, Milnor [9] showed that if a finite group G can act freely 
on a sphere, then there exists at most one involution in G; if it exists, it is central 
and hence G satisfies the 2p-conditions. 
Let G be a finite group acting freely on S” X R”. It is known that G satisfies 
the p2-conditions. However it is unknown if G satisfies the 2p-conditions. The 
next proposition gives an affirmative answer for finite groups in O(n + 1, ml. 
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Proposition 3.2. Any finite subgroup of O(n + 1, m) acting freely on S”,“’ acts freely 
as a group of isometries of the standard S”. In particular, it satisfies the pq-condi- 
tions. 
Proof. Let @ be a finite subgroup of O(n + 1, m) acting freely on S”,“. By Lemma 
2.2, !PO = y -l@y c O(n + 1) X O(m) for some y E O(n + 1, m). We note that the 
equatorial sphere S” given by y’= 6 in S”,“’ is invariant under the action by 
QO c O(n + 1) X O(m). Let s” = y(S”> c S”,“. Then s” is invariant under the 
action by ~0,. Since @ acts freely on S”,“, @ also acts freely on ??” and hence @, 
acts freely on S”. In fact, QO acts freely on S” via the surjective homomorphism 
and it follows that @ 2 QO -% Q1 is an isomorphism. Hence @ satisfies the 
pq-conditions. 
Now we note that the pseudo-Riemannian metric on S”,” of signature (n, m) 
induces the standard metric on the equatorial sphere S”. Since y : S”,” -+ S”,” is 
an isometry, for any (x’, $1 E S”,“, its tangential map 
is a linear isometry. This induces a linear isometry 
Hence y I sn : S” + S” is an isometry. In particular, we have a metric on Sn which 
is equivalent to the standard one on S” and @ acts on s” as a group of isometries 
with respect to this metric. This implies our proposition. 0 
4. Generalized Gysin exact sequences 
Let r be a discrete group acting freely and properly discontinuously on the 
space X = S” X [w”, where n > 1. Let M be the quotient space r\X. In this 
section, we generalize the Gysin exact sequences as expounded by Spanier 112, pp. 
483, 4991. This is a key in our work in understanding properties of such a r. The 
case where X= S” is the n-sphere and hence r is a finite group was treated in [31. 
Let S,(X) denote the total singular complex of the space X. Since r acts freely 
on X, S,(X) has a free Zr-module structure. Given a fixed r-module A, we may 
consider the homology and cohomology groups 
H,(X; A) =&(S,(X) %A), 
H*(X; A) =H*(Hom,(S,(X), A)). 
The diagonal r-actions on S,(X) @,A and Hom,(S.+..X), A), which are 
defined by y. (s 8 a) = sy-’ @ ya and (rf )(s) = y . f(y-‘s), respectively, convert 
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H,(X; A) and H*(X; A) into r-modules. When the r-module A is used as a 
local coefficient system on the space M= r\X, it can be used in defining the 
homology and cohomology groups 
H*(M; A), H*(M; A) 
with local coefficients. It is known [3, p. 3551 that we have natural isomorphisms 
H*(M; A) =H*(Homr(S.(X); A)) 
and 
H*(M; A) #*(S*(X) @+I). 
To obtain spectral sequences out of this, we use the following theorem. 
Theorem 4.1 [3, Theorem 8.4, p. 3541. If 9 is projective then for any r-module A, 
there are the spectral sequences 
Hp( r; Hq(Hom,( 9, A))) * HP+q(Homr( 9, A)) 
and 
By this theorem we obtain the spectral sequences 
HP( r; Hq( X; A)) * Hp+q( M; A), 
and 
HP(R Hq(X; A)) *Hp+q(M; A). 
In the spectral sequences, nonzero terms are obtained only for q = 0, n. Also 
note that H’(X; A) = H,(X; A) = A as r-modules. Now we use the following fact 
to obtain long exact sequences. 
Theorem 4.2 [3, Theorem 5.11, p. 3281. Assuming that r > 2, let q and q’ be two 
integers such that q’ - q > r - 1. Zf the filtration is convergent and E,“+ = 0 for 
v # q, q’, then there is an exact sequence 
. . . + Ek-4.4 + ffk __, E,k-d&l’ + ffk+l + ,lT,k+‘-4k’ + . . . . 
r 
By applying Theorem 4.2 to our cohomology spectral sequence, we obtain a long 
cohomology exact sequence 
..a +Hk(T; A) +Hk(M; A) +Hk-“(r; H”(X; A)) 
+ Hk+‘( r; A) - Hk+‘( M; A) 
+Hk+l-n(r; H”(X; A)) + ... . 
Now let us denote H”(X; Z) = Z’ as a r-module and A’= Z’@A with 
diagonal r-action. Then H”(X; A) = H”(X; k) @A = A’ as a r-module. If k = n 
and A’ = Z as a r-module in the above exact sequence, we have 
H’(T; Z) = Z + Hnfl(T; 77’). 
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Let REH”‘l (r; Zr) be the image of 1 E H z H”(T; 27) under the above map. 
Then we obtain: 
Proposition 4.3. Let r be a discrete group acting freely and properly discontinuously 
on S” X IL!“, n 2 1, with quotient M. Then there is a generalized Gysin cohomology 
exact sequence 
... +Hk(Z-; A) +Hk(M; A) -tHk-“(r; A’) 
-5 Hk+‘(T; A) + . . ’ 
in which P(u) = u u 62 for some 0 E H”+‘(T; Zr>. 
(4.1) 
Similarly from the homology spectral sequence we obtain a generalized Gysin 
homology exact sequence 
. . . +Hk+l(r; A) 5 Hk+l-n(r; A’) -+H,(M; A) 
-‘H/Jr; A) + ..* (4.2) 
in which S’(u) = u n R. In our applications of two long exact sequences, we will 
choose a subgroup r, of r so that the induced action of r. preserves orientation 
of X, and hence A’ =A as To-modules. 
5. Virtual cohomological dimension of r 
Suppose that r acts freely and properly discontinuously on X= S” X R”. We 
will examine some properties of the fibration X+ E, X, X 2 Br. Let p : E --f B 
be any fibration and F,, be the fiber over b E B. Let w : Z + B be a path. Then 
F,(,, X Z + B, (x, t) ++ w(t), defines a homotopy. By the homotopy lifting property 
of p, there exists an H : F,(,, XI-, E such that p 0 H(x, t) = w(t) and H(x, 0) =x 
for x E F,(,, and t E I. Define f : F,(,, + F,(,, to be the map f(x) = H(x, 1). Put 
NoI = [f 1 E [&o), FOCI,]. This is a well-defined homotopy class corresponding to a 
path class [o] in B. 
Definition 112, p. 4761. The fibration p: E + B is orientable if for any closed path 
w in B, 
hbl* : ff*(&,,,,; a> +H*(F&o,; q 
is the identity. 
Lemma 5.1. The following conditions are equivalent: 
(i> The fibration X + E, X, X 5 B, is orientable. 
(ii> The induced action of r on H *(X; Z) is trivial. 
(iii> The quotient M = Z\X is orientable. 
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Proof. Fix e E E, and b E B, such that g(e) = b where q : E, --f B,. Regard r as 
rI(Br, b) and look at the rTT1(Br, b)-action on E,. Let y E r and let w be a closed 
path in B, based at b such that [o] = y erI(Br, b). Note that Fb =p-‘(b) = 
q-‘(b) X, X= T. e X, X and r* e X, X is homeomorphic to X by the map 
h : (g . e, x) e g-lx. The proof of (i) m (ii) will be completed if we show that the 
following diagram 
F 
h[wl 
4) -F 4) 
h h 
A L 
x-x 
action by y-’ 
is commutative. 
Lift o to G, in E, such that G(O) = e. Note that r = xl(Br, b) acts on q-‘(b) so 
that y. e = G(1). Let H :(T. e X, X) X Z + fr be defined by H((g . e, x>, t> = 
w(t). We can define a homotopy extension H : Cr. e X, X) X Z -+ E, X, X of the 
homotopy H explicitly as: &(g . e, x), t) = (g . w(t), x>. Then 
(i) poff((g*e, x), t)=p((g*G(t), x>>=p((k(t), g-‘.x))=w(t)=H((g=e, 
x), t), i.e., H is an extension of H, and 
(ii) &(g*e, x), O>= (g.&(O), x> = (g.e, x>. 
It follows from (ii) that H I: (T. e X, X) x 0 + E, X, X is an inclusion. Thus, 
since FoCO, =r.ex,X, h[w]=tl(.,l):F,,,,~F,,,, isgivenbytg-e,x)-(g- 
G(l), x). Since (g . L(l), x) = (g . (7. e), x), we have the following commutative 
diagram: 
F 
Mm1 
40) -F 41) 
NoI 
(s-e, x> ----+ (ky)e, x> 
I h in which h I 
x-x 
-1 g-lx yy+ y-l(g-lx) = (gy)-lx. 
Y 
Hence we proved (i) a (ii), and (ii) e (iii) is easy. 0 
Connolly and Prassidis [4] showed that if r is a discrete group with vcd(r) < 00 
such that r acts freely and cellularly on a CW-complex of the homotopy type of S” 
with quotient a PoincarC space, then some subgroup of finite index in r is a 
Poincare duality group. Utilizing their argument, in the next theorem, we deter- 
mine the dimension of the Poincare duality group and also prove that vcd(r) < m 
when X= S” X R”. First, we need some definitions. 
Definition. The cohornological dimension of r, denoted cd(T), is defined by 
cd(r) = inf{ II: Z admits a projective resolution of length n} 
= inf(n: H’( r; -) = 0 for i > n} 
= sup{ n: H”( r; A) # 0 for some r-module A}. 
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Definition. A group r is called a Poincare’ duality group of dimension m if: 
If in addition r acts trivially on H”(T; ZT) = L, r is called orientable. 
Definition. A group r is said to be of type FP if Z admits a resolution 
O-+ p, + . . . 4 PO 2 z + 0 
of finite length such that the Pi are finitely generated projective Zr-modules. 
Definition. We say that a group virtually has a given property if some subgroup of 
finite index has that property. For example, vcd(r) = cd(T’) for some subgroup r’ 
of r with finite index. 
Theorem 5.2. Let r be a discrete group with vcd(r) < ~0 and X = S” x W”, n > 1, 
on which r acts properly discontinuously. Then: 
(1) vcd(r) < m with equality if and only if M = r\X is compact. 
(2) If M is compact, then r is a virtual Poincare’ duality group of dimension m. 
Proof. Note that as r acts properly discontinuously on X, any torsion free 
subgroup of r acts freely on X. By taking some finite index subgroup of r, if 
necessary, we may assume that 
(8 r acts freely and properly discontinuously on X, 
(ii) M is orientable, and 
(iii) cd(T) = vcd(r) < m. 
As dim M = n + m, Hj(M; A) = 0 = Hj(M; A) for all j > n + m. Hence from the 
generalized Gysin exact sequences (4.1) and (4.2) we obtain isomorphisms 
and 
un:W(r; A) =_ w+n+l(r; A) 
nn: ffi+,+,(r; A) -\ Hip; A) 
for all i > m. Since cd(T) < 00, it follows from the isomorphisms that H’(T; A) = 0 
for all i > m. In particular, since n 2 1, H”+“(T; A) = H”+“+‘(T; A) = 0. Fur- 
ther, cd(T) < m. Hence from the generalized Gysin cohomology exact sequence 
(4.1) we obtain the isomorphism H”+“(M; A) -% H”(T; A). If M is compact, 
then H”+“(M; Z> = Z # 0. Thus cd(T) = m. If cd(T) = m, then H”(T; A,) # 0 
for some r-module A,. By the isomorphism H”+“(M; A) 2 Hm(r; A), 
H “+“(M; A,) # 0. If A4 were not compact, M would have the homotopy type of a 
CW-complex of dimension < n + m - 1, and hence H”+“(M; A) = 0. A contra- 
diction. This proves (1). 
To prove (21, assume that M is closed orientable. Let [Ml E H,+,(M; Z) be a 
fundamental class of M. By [l, Theorem 4.6, p. 601, hd(T) < cd(T) and so 
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H n +m+ l(T; Z) = 0 = H,+,(T; Z). The generalized Gysin homology exact sequence 
(4.2) induces the isomorphism H,(T; Z) =\ H,,+,(M; Z). Let [r] E H,(T; Z) 
be the preimage of [M] under this isomorphism. 
Now consider the generalized Gysin cohomology and homology exact sequences 
(4.1) and (4.2). The isomorphism [T] E H,(T; Z) H [Ml E H,+,(M; Z) gives rise 
to the following commutative diagram 
. . . + fr”(T; A) 2 w+‘(r; A) -Wf’(M; A) - w+‘-“(T; A) + 
1 
cnf- 
1 
mn 
I 
L+f1n 
I 
[rln 
+ H,+,_,u-; 4 yj+H,,-,-,U-; A) -II 04; A) tZ+m-s-l -Hn+m-s_,U-; A)+ . . . 
In this diagram, the maps [Ml n : H”(M; A) -+ H,+,_,(M; A), for all s, are 
PoincarC duality isomorphisms. 
Using the induction on s and the 5-lemma, we conclude that 
[r] n : H’(T; A) +H,&T; A) 
is an isomorphism for all i > 0. Hence r is an orientable Poincare duality group of 
dim m, proving (2). 0 
Corollary 5.3. Zf M = r\X is compact, then r is a finitely presented group of type 
VFP. 
Proof. First, as M is compact, r is finitely presented. By taking some torsion free 
finite index subgroup of r, if necessary, we may assume that r is torsion free and 
r acts trivially on H *(X; Z). As in the proof of Theorem 5.1 we obtain the 
isomorphisms 
[r] n :W(r; A) 4fm_i(r; A). 
Since H,(T; -) commutes with direct limits, it follows from the above isomor- 
phisms that H *(r; -) also commutes with direct limits. By [2, Theorem 4.8, p. 
1961, r must be of type FP,. By Theorem 5.2(l), the assumption that M is compact 
implies that cd(T) = m. Hence r is of type FP, with cd(T) = m. This is equivalent 
to saying that r is of type FP. 0 
6. Euler characteristic of r 
Let G be a finite group and let Y be a finite dimensional free G-complex with 
H,(Y) finitely generated. R. Swan showed that x(Y) = I G 1 . ,y(G\Y) cf. [2, P. 
2451. Since x(G) = l/l G 1, his formula says that x(G\Y) =x(Y) *x(G). We will 
generalize his result in the next two propositions to certain classes of infinite 
groups. 
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Proposition 6.1. Let r be a group of finite homological type and let r act freely and 
properly discontinuously on a topological space Y such that H,(Y) is finitely 
generated, then x(T\Y) is defined and x(T\Y) =x(Y).x(r). 
Proposition 6.2. Let r act freely and properly discontinuously on X = S” X R” with 
quotient M = r\X finitely dominated. If vcd(r) < m then x(M) =x(X) ‘x(T). 
Corollary 6.3. If a finite group H acts freely on X = S2k X [w”, then H is isomorphic 
to either 1 or Z,. 
We digress for a while to collect some necessary definitions and facts for the 
proof of the propositions. 
Definition. A group I’ is said to be of finite homological type if (i) vcd(r) < 03 and 
(ii) for every r-module A which is finitely generated as an Abelian group, 
HJI’; A) is finitely generated for all i. 
Remarks. (a) The main examples of groups of finite homological type are the 
groups of type VFP. 
(b) [2, p. 2471 If r is a group and r’ is a subgroup of finite index, then r is of 
finite homological type if and only if r ’ is of finite homological type. 
Definition. If r is of finite homological type and torsion free, then the Euler 
characteristic x(r) of r is defined by 
x(T) = c( -l)‘rk,H,(T; Z). 
If r is an arbitrary group of finite homological type, then we choose a torsion free 
subgroup r’ of finite index and define 
Remarks. (1) If r is of type FP, take any finite projective resolution P, A Z of 
Z over HT and then 
x(r) = c ( - l)‘rk,( Pi @&). 
We also have the topological interpretation of x(T) as: x(r) =x(K(T, 1)). 
(2) [2, p. 2481 If r is torsion free and of finite homological type and r’ is a 
subgroup of finite index, then 
x(rf) = (I-T) .x(r). 
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(3) The Euler characteristic for arbitrary group F of finite homological type is 
well defined, i.e., the right-hand side in the above definition is independent of the 
choice of r’. For suppose r” is another such subgroup and let r, = r’ fl r”, then 
x(T’) 
(r:ry = 
x(r,>/(r’ : ro) = x(rlJ 
(r:rl) pro) ’ 
where the first equality holds by (2). 
Proof of Proposition 6.1. Take r’ to be normal torsion free of finite index in r so 
that r’ acts on H,(Y) trivially. Then, by Lemma 4.1, the fibration Y-+ Err X,, Y 
+ B,, is orientable. Since H,(Y) is finitely generated, the Euler characteristic 
x(Y) is defined. By remark (b), r’ is of finite homological type and torsion free. 
Thus x(B,,) =x(r’) is defined. Hence by [12, p. 4811, x(E,, X,, Y) =,#‘\Y> is 
defined and X(T’\Y) =x(Y) .X(r’>. Now X(r’\Y> = (r : r’) .X(I’\Y) since 
r’ \Y + r\ Y is a covering projection, and hence, with remark (21, we conclude 
that 
x(r\y) = ;‘,“>t;’ = x’~j’~~f’) =x(q .x(r). 0 
Definition. A space Y is finitely dominated if there is a finite complex K such that 
Y is a retract of K in the homotopy category, i.e., there exist maps i: Y + K and 
r:K-+Y with roi=id,. 
Proof of Proposition 6.2. We may assume that r is torsion free so that cd(T) = 
vcd(r) < w, the fibration X --+ E, X, X -+ B, is orientable, and M is finitely 
dominated. Since cd(T) < 0~)) by Eilenberg and Ganea B, has the homotopy type 
of a finite dimensional complex cf. [2, Theorem 7.1, p. 2051. Clearly X = S” X R” 
= S” = a finite complex. With these homotopy properties in the fibration X+ E, 
x, X + B,, Edmonds [7] showed that B, is finitely dominated. Hence r is of type 
FP (cf. [l, Proposition 6.4, p. 2001) and so X(T) =x(B,) is defined. By [121, X(M) 
is defined and X(M) =X(X)-X(T). 0 
Proof of Corollary 6.3. Any finite group H is of finite homological type and 
x(H) = l/l H 1. Clearly X(X> =x(S~~ X IF?‘? = 2. Hence 2 = I H 1 *x(H\X). 0 
7. Covering transformations of Szk X R” 
In this section we shall assume that X = S2k x R” and r is a discrete group 
acting freely and properly discontinuously on X. Note that vcd(r) is not necessar- 
ily finite. We will show that r is virtually torsion free. More precisely, we will show 
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Proposition 7.1. If r acts freely and properly discontinuously on X = S2k x R”, then 
r is torsion free, or else r is isomorphic to T’ >a H,, where r ’ is torsion free. 
Proof. Suppose that r is not torsion free. Let H be any nontrivial finite subgroup 
of r. Since H acts freely on X, by Corollary 6.3, H = Z, and hence X(H\X) = 1. 
Now, we will show that the induced H-action on H *(X; HI is not trivial. Assume 
that the H-action on H*(X; Z) is trivial. For any odd prime p, by the transfer 
isomorphism tr : H *(H\X; Z,) + H *(X; Z,)u, we obtain that 
x( H\X) = c (- l)‘dimzOH’(H\X; Z,,) 
i=O 
= ,f;( - l)‘dimzPHi(X; L,)H 
= dimzPHo(X; L,)H + ( - 1)2kdim,pH2k(X; Z,)H 
This is a contradiction to Corollary 6.3. Hence the induced H-action and thus 
the induced r-action on H*(X; Z) is not trivial. The nontrivial r-action on 
H2k(X; Z) = Z induces a surjective homomorphism r + Aut@) = Z, + 0. Let I” 
be the kernel of this map. Then r’ is an index-2 subgroup of r so that the 
induced r’-action on H*(X; H) is trivial. Note that r’ must be a torsion free 
normal subgroup of index 2 in r such that r’ n H = 11). Hence r z r’ >a H z r’ 
>a&. q 
Corollary 7.2. If r acts freely and properly discontinuously on X = S2k X R’, then 
(1) r z 1 or Z, if and only if M = r\X is not compact, and 
(2) I’ is isomorphic to either Z or Z >a Z, if and only if M is compact. 
Proof. If r acts freely and properly discontinuously on X = S2k X [w’ with compact 
quotient, by the theory of ends [ll], e(T) = e(X) = 2 and r is finitely generated. 
Thus T=F*F or r =A *F B with F finite and (A : F) = (B : F) = 2. As any finite 
F is 1 or Z,, either r= 1 *i, Z, *zz, or B, *Z2. Hence r= H or H >a Z,. 0 
Remark. When k = 1, for the compact quotient r\(S2 X R’) it is well understood 
in [13] that r\(S2 X R!‘) is homeomorphic to either (1) S* X S’, (2) [WI’* X S’, (3) 
RP3#lRP3, or (4) the 3-dimensional Klein bottle K3, i.e., the nonorientable S2 
bundle S2 x S’ over S’. 
Corollary 7.3. If r with vcd(r) < m acts freely and properly discontinuously on 
X = S2k x R2 with compact quotient, then r is either S or S >a B, with S a surface 
group. 
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Proof. By Theorem 5.1, vcd(r) = 2. By [61 and [5], the groups with cd = 2 are the 
surface groups. Now the corollary follows from Proposition 7.1. •I 
In the proof of Proposition 7.1, we showed that if H = Z, acts freely on 
X = S2k X R”, then H induces a nontrivial action on H *(X; 22’). On the other 
hand, if a finite group G acts freely on X= S2k-’ X R”, then G always induces a 
trivial action on H *(X; Z). 
Lemma 7.4. Suppose that G is a finite group acting freely on X = S2k-’ x PP. Then 
the induced G-action on H *(X; Z> is trivial. 
Proof. It is enough to show that every cyclic subgroup of G acts trivially on 
H2k-1(X; Z>, so we are reduced to the case where G is nontrivial and cyclic. 
Considering the transfer isomorphism 
tr: H*(G\X; 0) -+H*(X; a)“, 
we obtain 
X(G\X) = c (-l)‘dim,H’(G\X; CD) 
i=O 
i = i~ow d imoH’(X; CD)” 
= dimoH’( X; Q)” + ( - 1)2k-1dimoH2k-*( X; 0)” 
= 1 - dimoH2k-‘(X; Q)G. 
On the other hand, by Proposition 6.1, x(G \X) =X(X> .X(G) = 0 .x(G) = 0. 
Hence dimoH2k-1(X; Q)G = 1, or H 2k- ‘(X; QG # 0, which can only happen if 
G acts trivially on H2k-‘(X; Z>. 0 
8. Farrell cohomology 
In this section we will review some properties of Farrell cohomology and its 
equivariant cohomology. These are necessary in the next section to find the 
periodicity of the group r in the case when r acts freely and properly discontinu- 
ously on the space S2k-1 X R”. A good reference about Farrell and its equivariant 
cohomologies is [21. Let r be a group such that vcd(r) < CQ. By a complete 
resolution for r we mean an acyclic chain complex F, not necessarily nonnegative, 
of projective U-modules, together with an ordinary projective resolution E : P + Z 
of Z over hT such that F and P coincide in sufficiently high dimensions. We 
define the Farrell cohomology of r by 
ti*(r; A) = H*(Homr(F, A)) 
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for any r-module A. Note that fi*(r; -1 is well defined up to canonical isomor- 
phism. Here are some properties of Farrell cohomology which will be used in the 
next section. 
(1) G*(T; -) = 0 if P is torsion free. 
(2) There is a canonical map H’(T; -> + I?‘(P; -1 which is an isomorphism for 
i > n and an epimorphism for i = n, where vcd(P) = n < ~0. 
Definition. Let 9 be the set of nontrivial finite subgroups of P. Define Z*(P; -1 
to be the subgroup of IIH E 9 A *(H; -1 consisting of all families (u~)~ E 9 satisfy- 
ing the following two conditions: 
(9 
(ii) 
(3) 
(4) 
g.u,=u,,,-1 for all gET and HE&? 
If H’ c H in S, then resj$(u,> = uHl. 
The restriction maps 8*<r; Z),,, + Z*(P; E),,, (HE 9) define an F-iso- 
morphism pp : f?*(r; Z),,, + Z*V; Z),,,, i.e., [lOI 
(a) every element of ker(p,) is nilpotent, and 
(b) for any u E Z*(P; Z),,, there is an integer k such that up” E im(p,>. 
ri*<r; Z) = rI,E?*cr; Z),,, where p ranges over the primes such that r 
has p-torsion. Note that this is a finite direct product of rings. 
Now let X= S2k-’ x R”, k > 1 and let P with vcd(r) < ~0 act freely and 
properly discontinuously on X. Suppose that r does not act trivially on H *(X; E). 
Notice that any finite subgroup of r acts trivially on H *(X; Z). Set Z’= 
H2k-‘(X- H) as a r-module. Using equivariant Farrell cohomology we will show 
that there) is an isomorphism I?*(T; Z> -5 f?*(r; zr). 
Since vcd(P) < co there exists a Serre space ZYr which is a finite dimensional 
contractible simplicial r-complex such that for any simplex u, the isotropy group 
r, is finite and fixes (T pointwise. See [2, $10.41 for details. Let C, be the 
simplicial chain complex of the r-complex gr. Let A be any r-module. Then 
there is a diagonal P-action on C*(A) = Hom(C,, A). Choose a complete resolu- 
tion P, for r. The equivariant Farrell cohomology groups are defined by 
ti;(g’r; A) =E?*(r; C*(A)) =H*(Hom,(P,, C*(A))). 
In order to analyze the spectral sequence which is obtained from the total 
complex Horn r( P, , C*(A)) of the double complex of Abelian groups 
Horn&P,, Cq(A)) with the filtration 
P,(Hom.(P,, C*(A))), = @ Hom,(P,-j, Cj(A)), 
jgp 
we decompose CP(A) into P-submodules as follows: If we let S, be the set of 
p-simplices of gr and let _I$, be the set of representatives for r\S,, we then have 
an additive decomposition 
CP(A) = Hom(C,, A) = Hom( ,Fs Z,, _4) = uvs Hom(h,, A) 
P P 
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from which we obtain a r-module decomposition 
Note that for each p-simplex u we have the orientation module Z, induced by 
r,. Since r, fixes u pointwise, H,= Z and hence A,= Horn@,, A) =A. Thus 
CPU) z n, E 2, CoindFJ(A). With E:,*(A) = Hom.(P., C*(A)), we obtain the 
spectral sequence 
Lemma 8.1. Suppose that X= Szk-’ X R”, k z 1, and that r with vcd(r) < to act 
freely and properly discontinuously on X. Then there is an isomorphism 
I?*(T; Z) 3 fi*(I’; Zr), where Z’= H2k-‘(X; Z) as a r-module. 
Proof. First we will show that C *(Z> z C *(Z’>. By the r-module decomposition of 
Cp(Z), we have 
C”(Z) = cpz CoindF_(Z) = UJ& Hom,,*(ZT, Z). 
D P 
For each p and u E Z,, r’ is a finite subgroup of r and hence r, acts trivially 
on Z’; thus Hom,,@T, Z) = Horn,, (Zr, Zr>. Hence C*(Z) = C*(E’). Now it 
follows that E,*3*(Z5 = E,*,*(Z’). He&e the abutments of their induced spectral 
sequences are isomorphic. 0 
9. Periodicity of & * (r) 
Let r be a discrete group with vcd(r) < co and let r act on X= S” X R”, 
n z= 1, freely and properly discontinuously. If r is torsion free, then g *(r; -) = 0. 
Assume that r is not torsion free. 
Proposition 9.1. If X = S2k x R”‘, then I? *(I’) has period 2. 
Proof. By Proposition 7.1, r has a (split) short exact sequence: 
1 -x+r+z,+o, 
where r’ is torsion free. Consider the spectral sequence (cf. [2, Ex. 5, p. 2811) 
E,Psq =&(Z2; Hq(r’; A)) 4P+q(r; A) 
where A is any r-module. The edge homomorphism 
E*30-,E,*vo+ti*(~, Z) 2 
yields an inflation map J?*(Z2; Z) --f Z?*<r; Z). It is well known that the cyclic 
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group Z, has periodic cohomology of period 2. Thus the inflation map, which is a 
ring homomorphism, sends an invertible element of degree 2 in g*(Z,; Z) to an 
invertible element of degree 2 in fi*(r; Z). Hence g*(r; Z) has period 2. 0 
Remark. The referee informed me that the result of Proposition 9.1 is also true 
under the weaker assumption that cd(T) < 03, where cd(T) is the generalized 
cohomological dimension of r introduced by Ikenaga [81. 
Now suppose that X= S2k-’ X [w”, k > 1. Let r act freely and properly 
discontinuously on X. Connolly and Prassidis [4] showed that the period of 
k*(r), period(r), is G 4k. We will find out a better approximate for the period 
of g*(T), namely, period(r) G 2k. Actually this approximate is the best, since 
when k = 2 there are groups with period(r) = 2k = 4. 
Proposition 9.2 [4, Lemma 4.21. If r acts freely and properly discontinuously on 
X= S2k-’ x R” such that r induces a trivial action on H “(X; Z), then the period 
of I?*<r; B), period(r), divides 2k. 
Noting that any finite subgroup of r acts trivially on H *(X; Z) = H *(S2k- ’ x 
R”; Z), we will prove the following. 
Theorem 9.3. Zf r acts freely and properly discontinuously on X = S2k- ’ X W”, then 
the period of I?? *(I’; Z), period(r), divides 2k. 
Proof. By Proposition 9.2, we need only consider the case where r does not act 
trivially on H*(X; Z). Let R’ EH2k(T; Zr) be the Euler class of the spherical 
fibration X-, E, X, X+ B,. Let ur EJ?~~(T; Z’) be the image of fir under the 
natural 
Ej2k(H; 
_ 
map H2k(T; Zr) --) H *2k(T; Z?. For any H E F, u;i = resL(u7 E 
Zr) = &2k(H; Z) is the Euler class of the orientable spherical fibration 
X+E,x, X+B,. 
Thus (G)HEF consists of invertible elements. Consider the commutative 
diagram 
&k(r; z) -% fPk(r; z9 
F-isom 
I I 
2Tr; z) =_ x2k(r; ~9. 
There is an element u E g2k(T; Z) such that u is mapped to the family (u~)~ t 9 
= (U;I)HES of invertible elements under the F-isomorphism J?*(T; Z) + 
Z*(T; Z). Hence u is an invertible element in G*(T; Z); thus period(r) divides 
2k. q 
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